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ABSTRACT. We present a probabilistic linear basis model for musical expression. The
model is an extension of prior work by Grachten and Widmer [Grachten and Widmer, 2012]
and is a generalization of the work by Grachten et al. [Grachten et al., 2014]. By as-
suming the prior distribution of the model parameters to be Gaussian with arbitrary
mean and covariance, this model allows for specifying musical knowledge, and for mod-
eling multiple distinct performances of the same piece. We show that in its current
state, the model performs at least on par of the original approach.

Keywords: Musical expression, probabilistic linear basis modeling, Bayesian linear
regression

1. INTRODUCTION

Performances of (notated) musical pieces typically show large variations in expressive
patters like tempo, dynamics, articulation, etc. Musicians use such variations to transmit
an expressive interpretation of the music to the listener. This interpretation may contain
elements related to the musical structure, and also affective elements [Clarke, 1988,
Palmer, 1997].

Models for musical expression using the machine learning paradigm can have different
aims. On the one hand, such models can be used to to produce results that maximally
resemble patterns of observed (expert) performances through a data-driven approach
[Grachten, 2002, Teramura et al., 2008, Ohishi et al., 2014]. On the other hand, a ma-
chine learning approach can be used to analyze musical performances [Grachten, 2002,
Widmer, 2003]. This would result in models that describe principles that emerge from
performance data as precise and compact as possible [Grachten and Widmer, 2012].

The Linear Basis Model (LBM) for musical expression is a framework proposed in
[Grachten and Widmer, 2011] for expressive dynamics and in [Grachten and Widmer, 2012]
for general expressive parameters that follows the machine learning paradigm. Such a
framework models the effect of annotated expressive markings on music performances
by means of basis functions that capture some structural aspect of a musical score, and
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express the relation of each score note to that aspect as a real number. This framework
can be used for both predictive and analytical purposes [Grachten and Widmer, 2012,
Grachten et al., 2014].

The original formulation of the LBM used a least squares (LS) regression to compute
the optimal model parameters. A probabilistic LBM using the Bayesian linear regres-
sion assuming zero mean Gaussian priors with isotropic covariance was presented in
[Grachten et al., 2014]. In this paper we generalize this framework to consider Gaussian
priors with arbitrary mean and covariance.

The outline of this paper is as follows: In Section 2, the LBM framework for musical
expression is described. In Section 3, a mathematical formulation of the LBM is provided.
In Section 4, the optimal model parameters of the LBM in the Bayesian linear regression
sense are derived. A discussion on the interpretation of the parameters of the Bayesian
linear regression is presented in Section 5. A proof-of-concept experiment for testing the
predictive accuracy of the proposed framework is described in Section 6, while its results
are discussed in Section 7. Conclusions are presented in Section 8.

2. Basis FUNCTIONS

Musical expression consists of a number of individual factors that jointly determine
the way a musical piece is rendered [Palmer, 1996]. Under this assumption, expressive
information from human performances can be decomposed into components.

In this paper, a musical score is defined as a sequence of elements that hold information,
and may also refer to other elements [Grachten and Widmer, 2012]. These elements
may include note elements (e.g. pitch, duration) and non-note elements (e.g. piano,
forte, crescendo). If we denote the set of all note elements in a score by X, a basis
function is a real valued mapping in the form ¢: X — [0, 1].

The LBM framework relies on two simplifying assumptions. First, it is considered that
each expressive parameter is only dependent on score information. This assumption
implies that mutual dependencies between expressive parameters, as well as temporal
dependencies within parameters are not explicitly modeled. Second, each expressive
parameter is modeled as depending linearly on score information.

As an example, let us take the use of three different kinds of basis functions to represent
different categories of dynamics annotations. Figure 1 illustrates the idea modeling
loudness as a weighted sum of basis functions schematically. Dynamics annotations that
specify a constant loudness level that is in effect until another such directive occurs, such
as piano (relatively low loudness level) and forte (relatively high loudness level) can be
represented with a step-like function. Gradual increases and decreases of loudness, such
as crescendo and decrescendo, can be modeled using ramp-like functions. A third class
of annotations, concerning only a single position in time (e.g. sforzato, accents) can be
represented with impulsive functions.

In [Grachten and Widmer, 2012], several types of basis functions for representing dif-
ferent aspects of musical expression are described. Omne of the most important issues
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FIGURE 1. Schematic view of note dynamics as a weighted sum f(x, w)
of basis functions ¢, representing dynamic annotations

regarding the design of basis functions is whether a basis function corresponds to a fea-
ture in general, or to a single instance of that feature. This leads to the definition of
global basis functions and local basis functions, respectively. In this paper, only global
basis functions are considered, and the extension of the methods derived here to local
basis functions will be the subject of a future study.

3. LINEAR BAsis MODEL

In this section we provide a mathematical formulation of the LBM framework. Let
X = (r1,...,2n5)7 € RY be a vector representing a set of N notes in a musical score and
y = (y1,...,yn)T € RY be a vector representing expressive parameters (e.g. dynamics
[Grachten and Widmer, 2011], expressive tempo [Krebs and Grachten, 2012]). In order
to be consistent with the machine learning literature, in this paper we also denominate y
as targets [Bishop, 2006, Grachten and Widmer, 2012]. Let ¢ = (1, ..., o) € RM be
a vector whose elements represent the basis functions. The influence of a basis function
; is expressed by a weight w;. Hence, we can model the expressive parameters y as
weighted sum of the basis functions, i.e.

y=[f(x,w)+e=®w+e, (1)
where ® € RV*M is a matrix with elements ®;; = ¢;(z;), w = (w1, ..., wy)T € RM is

a vector of weights and € is a zero mean Gaussian noise with covariance 8'E, with E
an identity matrix. It follows that the conditional distribution of y given the weights w



BAYESIAN LBM WITH GAUSSIAN PRIORS FOR MUSICAL EXPRESSION 4

is given by

p(y | w) =N(y | 8w, 'E). (2)

4. BAYESIAN LINEAR REGRESSION WITH (GAUSSIAN PRIORS

Given a set of performances as training data in form (x,y:), we are interested in us-
ing the model from Eq. (1) to estimate the optimal set of weights w. This approach
represents an optimization problem [Boyd and Vandenberghe, 2004]. In previous work
[Grachten and Widmer, 2011], an LS regression was used to compute the weights. Nev-
ertheless, this solution has several shortcomings. These limitations include the com-
putation of only point (deterministic) estimates of the expressive parameters y over
the weights w, instead of probability distributions; and the inability of the model to
combine prior information on the weights with weight estimates based on empirical
data [Grachten and Widmer, 2012]. Another drawback of the LS solution is that inter-
actions between input variables are not modeled. A detailed derivation of this result can
be found in Appendix A.

An alternative solution, that allows the model to include prior information of the weights
and interactions between basis functions is Bayesian linear regression [Bishop, 2006].
This approach can be understood as probabilistic Bayesian estimation of the weights
using the Maximum a Posteriori (MAP) paradigm. As stated in the Introduction, in
this paper we generalize the work in [Grachten et al., 2014] by relaxing the assumption
that the prior distribution of the model parameters is a zero mean Gaussian distribution
with isotropic covariance.

Following this Bayesian interpretation, we assume that the prior probability distribution
of the weights is given by

p(w) = N(w [ my,Sp), (3)

where my is the prior mean, and Sy is the prior covariance matrix. Using Bayes’ theorem,
the posterior conditional probability of the weights given the training targets y; can be
expressed as

p(y: | w)p(w)
p(W | ye) = . 4
= oy Twp(w)dw W
Substituting Eq. (2) and Eq. (3) in the above equation, the MAP estimation of the
weights results in

Wmap = argmaxp(w ’ yt)
w

= (B®T®, +8;") " (B®Ty; + Sy'my) . (5)

A detailed derivation of this result is provided in Appendix B. A method for esti-
mating the prior parameters 3, my and Sy from training data using the Expectation-
Maximization (EM) algorithm is provided in Appendix C.
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5. INTERPRETATION OF THE PRIOR PARAMETERS

The formulation proposed in the previous section allows for inclusion of prior information
in the form of the prior mean mg, and models interactions between basis functions in the
form of the prior covariance matrix Sy, addressing directly the shortcomings of the LS-
based LBM framework. As a predictive model for expressive performance, this approach
allows for two methods for generating the performance of a musical piece. On the one
hand, a performance can be obtained directly from the model of Eq. (1), by substituting
Wmap for w. On the other hand, we can use the posterior conditional probability of the
weights given some training targets to compute a predictive distribution [Bishop, 2006].
In order to generate a new performance, we draw a sample from such a distribution.

As an analysis tool, estimates of the prior parameters my and Sg and the precision
can be used to analyze the effect of the score annotations in musical performance by a
musician. By estimating the parameters from performance data of different musicians,
or from different eras, they might provide a starting point for modeling performance
styles.

6. EXPERIMENTS

In this section, we present a proof-of-concept experiment to show how the presented
model is able to account for aspects of expressive dynamics.

6.1. Data set. A set of random scores with 200 notes is generated. We denote x; =
(21,...,2200) the notes in the i-th score. Such scores are structured as follows: Every
score has a random number of sections, ranging from 2 to 5. Each section has only one
constant dynamics indication, namely piano, mezzoforte or forte. Each section is then
divided into 2 or 3 subsections. We pick randomly one of these subsections per section
for a gradual change of loudness, namely, crescendo or decrescendo. Finally, a random
number of notes in the score are picked to have accents >. As described in Section 2, for
these dynamics annotations we have three types of basis functions. For p, mf and f,
defined in range [zs, x.] the corresponding function is given by

1 if S S 1 S €,
w{p,mf,f}(xi) - { 0 otherwise. (©)

For cresc. and decresc., defined in range [zg, x|, the basis function is defined as

{7’3 if s <i<e,

e—s
0 otherwise.

P{cresc.,decresc.} (‘TZ) -

(7)

For an accent > in note x, the basis function is given by
1 ifi = s,
p>(xi) = { 0  otherwise. (8)

In order to generate a performance, we fix the parameters of the prior distribution of
the weights. The prior mean is set to

mg = (p — 50, mf — 70, f — 100, cresc. — 20, decresc. — —20,>— 15)1.  (9)
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FIGURE 2. Average predictive accuracy in a leave-one-out scenario over
performance of 50 trials. See Section 6 for abbreviations.

The prior covariance is calculated as Sg = AAT | with A € R%*6 a random matrix
sampled from the uniform distribution ¢(0,1). We set § = 1. Given ®;, the matrix
of basis functions for the i-th random piece, a set of target dynamics y; is sampled
from!

p(yi) =N (yi | ®:mo, 3 'E + ®;So®]) . (10)

6.2. Predictive accuracy. To evaluate the accuracy of the predictions of the proposed
framework, a leave-one-out cross validation was performed. Each model was trained
with Npjeces pieces, with Npeces ranging from 1 to 9, and it was used to predict the
dynamics of a new piece. As a measure of the quality of the predictive accuracy, we use
7, the Pearson correlation coefficient, R2, the coefficient of determination, ||w — w]|?,
the squared error of the weights, and ||y — y||2, the squared error of the prediction. The
correlation coefficient denotes how strongly the observed dynamics and the dynamics
proposed by the model correlate, while R? expresses the proportion of variance explained
by the model. The squared error of the weights indicates the deviation of the estimated
weights to the ground truth, while the squared error of the prediction denotes the how
different are the predicted dynamics to the true dynamics.

Figure 2 shows the average and standard deviation over the 50 trials of the above dis-
cussed quality measures of the predictive accuracy for different models for every Npicces-
In this table, LS denotes the old least squares approach from [Grachten and Widmer, 2012],
and MAP the proposed Bayesian method. With (true prior) we denote the Bayesian lin-
ear regression using the prior parameters above discussed, while (estimated) refers to
the estimation of these parameters using the EM algorithm from Appendix C, and (zero
mean, isotropic) refers to the previous approach from [Grachten et al., 2014].

Lsee Eq. (104) in Appendix D.2
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7. DISCUSSION

The results show that the proposed Bayesian approach with true prior information per-
forms better than the LS approach for a limited amount of training data. For example,
the Bayesian LBM with true prior information has an increase of ca. 23% in the correla-
tion coefficient and ca. 12% in the explained variance, while achieving the lowest squared
error, ca. 3.5 times smaller than the other approaches for training with 2 pieces. These
results suggest that incorporating prior knowledge into the model increases its ability to
generalize from a training data that is not representative.

The Bayesian model with zero mean and isotropic Gaussian priors performs on par with
the LS regression. This is consistent with the results in reported in [Grachten et al., 2014].
Furthermore, in case of estimation of the prior parameters from the data, the new ap-
proach performs on par to LS regression.

8. CONCLUSIONS AND FUTURE WORK

In this paper, a fully probabilistic version of the LBM for musical expression using
Bayesian Linear regression with Gaussian priors was presented. This model addresses
some limitations of the previous LS solution, and is a generalization of the work presented
in [Grachten et al., 2014]. Experimental results suggest that the predictive accuracy of
the Bayesian model performs on par of the LS regression, with an improvement over LS
in case of limited training data.

The framework presented in this paper only considers the case of global basis functions.
In order to extend this work to local basis functions, future work will explore a joint
clustering + Bayesian linear regression solution. Such a method could be interpreted in
terms of the more general assumption of the prior probability distribution of the weights
being a mixture of Gaussians.
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APPENDIX A. LEAST SQUARES REGRESSION, MAXIMUM LIKELIHOOD ESTIMATION
AND MINIMUM VARIANCE UNBIASED ESTIMATOR

In this appendix, a detailed derivations of the computation of the weights for linear
regression in the LS sense and maximum likelihood, as well as the minimum variance
unbiased estimator of the weights is provided.

The weights computed in the LS sense are given by

Wis = argmin LZS(W)> (11)
w

where L5, the squared error, is a cost function that can be written as
Lis(w) = |ly — ®w]|?
= (y —@w) (y — @w). (12)

Computing the gradient of the cost function with respect to the weights results in

Vwlis(w) = —28Ty + 28T dw. (13)

The weights that minimize the cost function are given by the solutions to Vy Lijs(w) = 0,
ie.
Wis = <I>Ty, (14)
where
o' = (37®) " @7 (15)

is known as the Moore-Penrose pseudo-inverse of the matrix ® [Bishop, 2006]. The
computation of @' results in numerical instabilities for ill conditioned problems. Fur-
thermore, for large training data sets, the above described LS technique can be com-
putationally expensive [Bishop, 2006]. More efficient alternatives for computing the
LS regression include iterative approaches such as the Least Mean Squares algorithm,
which uses the technique known as stochastic gradient descent [Bishop, 2006], and
the LSQR and LSMR algorithms for large sparse systems [Paige and Saunders, 1982,
Fong and Saunders, 2011].

Under the assumption of a Gaussian conditional distribution of y given w (as in Eq.
(2)), the LS regression is analytically equivalent to ML estimation of w. The conditional
log-likelihood of y given w is given by

logply | w) = - 1os(8) ~ > log(2m) ~ 2 (y —@w)(y ~@w). (16

The gradient of the above log-likelihood is proportional to the gradient of the LS cost
function, i.e.

Vwlogp(y | w) = p@Ty — @7 dw = fngﬁls(w). (17)
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Therefore, computing the solution that maximizes the conditional log-likelihood is equiv-
alent to computing the solution that minimizes the squared error. Hence, the weights
computed using ML are given by

W = wis = BTy (18)
We can show that the ML estimation of the weights is an MVUE [Kay, 2009]. According

to the Cramér-Rao lower bound (CRLB) theorem, the covariance of w,,; is bounded
by

cov(wy) > I(w) 71, (19)
where I(w) is the Fisher information matriz, given by
I(w) = ~E{VwVwlogp(y | w)}. (20)

Using Eq. (17), we can rewrite the above equation as
I(w) = —E{Vy (3®"y — p@"®)}

=-E{-p2"®}

= T ®. (21)
Therefore, the CRLB results in

cov(womy) > (B07®) (22)

Furthermore, we can factorize Vy log p(y | w) as

Vwlogp(y | w) = 57 |@fy — w]
— I(w) (<I>Ty - w) . (23)

By the CRLB theorem, this means that ®'y is an MVUE estimator [Kay, 2009].
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APPENDIX B. DERIVATION OF THE WEIGHTS FOR BAYESIAN LINEAR REGRESSION
USING A (GAUSSIAN PRIOR

In this appendix, we provide a detailed derivation of the weights for Bayesian linear
regression described in Section 4.

The joint probability distribution of the targets y and the weights w given by

p(y,w) =p(y | w)p(w), (24)

where p(w) is the conjugate prior distribution of the weights [Bishop, 2006]. As previ-
ously stated in Section 4, we assume this prior probability distribution to be Gaussian,
i.e.

p(w) = N(w [ my, Sp), (25)
where myg is the prior mean and Sy is the prior covariance matrix.

Using Bayes’ Theorem, the posterior probability distribution of w given y (in log-
domain) is given by

logp(w | y) = logp(y | w) + logp(w) — log / p(y | w)p(w)dw. (26)

w

does not depend on w

The weights for Bayesian linear regression can be computed using MAP estimation,
ie.

Wimnap = argmax (logp(w ‘ Y))
w

= argmax | logp(y | w) + logp(w) | . (27)

»cmap (W)

Let us analyze every term of the cost function L,,,, separately. The log-posterior prob-
ability of the targets given the weights can be written as

N N Ié]
logp(y | w) = 5} log(B) — ) log(2m) — 5 'y —2y"®ow + w T ®w) . (28)

The log-prior probability of the weights is given by

log p(w) = —% log(27) — %log(det(so)) _ % (w—mp)"S; (w—mp)).  (29)

The gradient with respect to the weights of the log likelihood L4, (W) results in

VwLimap(w) = By ® — 58T Bw % (So+85"") (w = mo)
=By’ ® — BT ®dw — Syt (w — my). (30)
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The weights that maximize the cost function are the solution to Vi Lyep(w) = 0,
i.e.
_1y—1 _
Winap = (B®T® +S51)  (B8Ty + Sy my) . (31)
In case mg = 0 and Sg = o~ 'E, the solution simplifies to
-1
Winap = <gE + <I>T<I>> o'y (32)

This case was considered in [Grachten et al., 2014]. From the above equation is easy
to see that the prior distribution of w represents a regularization to the LS regression.
Therefore, the Bayesian linear regression it is less prone to overfitting [Bishop, 2006].
In the case of [[Syt|| — 0 (or a — 0), the weights mp converge to the LS weights
wis. In such scenario, the prior probability distribution is said to be non informative
[Bishop, 2006].
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APPENDIX C. ESTIMATION OF PRIOR PARAMETERS USING THE EM ALGORITHM

This section describes the estimation of the mean value mg and covariance matrix Sy of
the prior distribution of the weights p(w) and the noise precision  of the conditional
probability distribution p(y | w) using the EM-Algorithm.

For the E-step we need to compute the conditional expectation of the log-likelihood
Lymap, given as in Eq. (27), with respect to the posterior probability of the weights w
given the targets y. Using Bayes’ theorem, the posterior probability of w given y is
given by?

p(wly) =N(w|my,Sy), (33)

where my is the posterior mean and Sy is the posterior covariance matrix, calculated
as

my = Sy (S;'mg + S8Ty) and Sy =S, +pele. (34
The conditional expectation of the log-likelihood function results in

E{Lmap(w)} = E{logp(y | w)} + E {logp(w)} (35)

Let us compute the conditional expected values from the above equation individu-
ally

E{logp(YIW)}—/ logp(y | w)p(w | y)dw

w

N N B
= - log(8) — - log(2m) — 5 | y'y —2y" @E{w}
2 2 2 ——
=my
+E{w'®"®w} |. (36)
~—_——

ko

In order to compute *x, we consider the eigenvalue decomposition of ®7®. Since this
product is a symmetric matrix, we can rewrite it as

M
TEH — A
- (] i
PP g viu;u; (37)

=1

2See Eq. (103) in Appendix D.2.
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where v; is the i-th eigenvalue and u; the i-th eigenvector of ®7®, respectively. Substi-
tuting the above equation in *x* results in

xx =K {WT‘I>T<I>W}

M
=E {Z I/inuiu;-rw}

i=1

M
=FE {Z yiuiTwaui}
= Z uzu E {WWT} u;
——

—mNmN+SN

M
= m% (Z I/Z-uz-uiT> my + Z ViuiTSNuZ-
i=1 i=1
M
=m{® dmy + » viu! Syu;. (38)
i=1

kokk

We can use properties of the trace® to rewrite * % * as

M
* ok ok = E UiuiTSNui

i=1

M
=Tr <Z ViuTSNuZ)
Z VlSNuZ )

(>
(sNz%uz )

Sn®’®)
2TPSy) . (39)

=Tr
=Tr

Substituting the above result in *x, we get

w = my®  ®dmy + Tr (T ®Sy). (40)

3 See Eq. (92) and Eq. (93) in Appendix D.1.



BAYESIAN LBM WITH GAUSSIAN PRIORS FOR MUSICAL EXPRESSION 15

Using the above equation, Eq. (36) can be rewritten as

E {logp(y | w)} :g log(83) — glog(%) - gyTy

+ By ®my — g (my®"®my + Tr (7 ®Sy)) . (41)

In a similar fashion, the conditional expectation of the prior probability is given by

M 1
E{logp(w)} =- 5 log(2m) — B log(det(So))
1
-3 E {wTsalw} —m] (SalT + Sal) E{w}+m{'S; 'm
—— —— ———
:mﬁsalmN—Q—Tr(SalSN) =mny

M 1 1 _
=5 log(2m) — 3 log(det(Sy)) — §(mN — mg)TSO 1(mN —my)

— %Tr (Sg'Sw). (42)

Substituting in Eq. (41) and Eq. (42) in Eq. (35), the expectation of the cost function
Lnap results in

N N+ M 1
E {['map(w)} :5 log(B) — log(2m) — 5 log(det(So))
- gyTy + By ' ®my — gTr(<I>T<I>SN) — gmﬁéTcI:mN
1 _ 1 _
— i(mN—mo)Tsol(mN—mo)—ﬁTr (SolsN). (43)

We can proceed to the M-step. In order to avoid overfitting of the mean value mg
caused by [|Sp|| — 0 and S — oo, thus, rendering the priors non informative, we need
to introduce a constraint on Sg. A natural bound for the estimated covariance is the
CRLB from Eq. (22) as

ISol > | (527 @) | (4)

4

Using the Frobenius norm®, we can express this constraint as

—g(8,S0) = Tr (SoST) — ;2 Tr ((@%)‘1 (<I>T<I>)_1T> > 0. (45)

4See Eq. (98) in Appendix D.1.
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We proceed to maximize E {L,,,p} subject to the above constraint using the method of
Lagrange multipliers. The Lagrangian function is given by

N+ M

log(27) — %log (det(So))

By y + Byl ®my — 5 Tr (@TQSN) émj&@T‘I’mN

2
1
2

Lem(ﬁa my, 807 K’) :g 1Og(ﬁ) -

_ 1 _
(my — mo)T Sy 1(mN —my) — 3 Tr (SO SN)

+ 5 (Tr (SoST) — ﬁl? Ty <(<I>T<I>)‘1 (<I>T<I>)_1T>) . (46)

Since this optimization problem has an inequality constraint, we consider the Karush-
Kuhn-Tucker (KKT) conditions [Boyd and Vandenberghe, 2004]. These conditions can
be stated as follows:

Stationarity: V8,mo,S0Lem = 0

Primal feasibility: 9(5,S0) <0

Dual feasibility: k>0

Complimentary slackness: kg(B,Sp) =0, (47)

where x is the KKT multiplier.

Since the covariance matrix So must be symmetric and positive definite®. Therefore we
can express Sy as

So = LL”, (48)
where L € RE*K is an invertible matrix®. We can rewrite the cost function in terms of
L as
N+ M

Lem (B, mp, L, k) :% log(B) — log(27m) — %log(det(LLT))

B yly + ByT®my — gTr(¢T<1>S) s m} & ®my

1

1
- 5(1‘[1]\] - mo)TL_lTL_l(mN - IIl()) - 5 Tr <L_1TL_1SN>

<Tr (LL'L7L) — @ Tr ((@Tq:)l (@T@)1T>> (49)

5By definition, covariance matrices are positive semi-definite. Furthermore, an invertible positive
semidefinite matrix is positive definite [Burden and Faires, 2010], and therefore, since we assume that
So is invertible, Sy is positive definite.

6If L is a lower triangular matrix with non-negative elements in the diagonal, this is the Cholesky
decomposition [Burden and Faires, 2010], nevertheless a particular structure of matrix L is not required
for S to be positive definite (See Section 9.6.6 in [Petersen and Pedersen, 2012]).
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The partial derivative of the cost function with respect to 3 is given by

em N 1 1 1
oL _ 7yTy + yTQmN — " Tr (@T@SN) — iqu)T@mN

o 28 2 2
+ 2’; Tr ((@%)1 (<I>T<I>)1T> . (50)
The gradient of the cost function with respect to mg is given by
%f;: = L_lTL_l(mN —1my). (51)

For the sake of clarity of the calculation of the gradient of the cost function with respect
to L, we compute individually the partial derivatives of the the every non constant term
of the cost function that has a dependency in L:

0 log(det(LLT)) = 0 log(det(L) det(LT))

aL aL
= 2. log((det(L)))
= oL ", (52)
ﬂ( _ T (1,1~} _ — _(LLT)-! d(my — mg) " LL” (my — my) LLT) !
2 (my — mo)” (LL) ™ (myy — mg) = ~(LL7) = (LL?)
= —2(my — mg)T (my — mg)(LLT)'L(LLY) ™!
(53)
aaLTr<(LLT) —Tr Sy (LLT) ‘1T)
—Tr (SN (LL) 1)
a%Tr (L"EL) " SN)
— -2 (BL(L"EL) ') Sy (L7EL)
— o sy (L7L) 7, (54)

9 ry7rpy _ 9 ™T (T
or T (LL7LL) = = T ((LL”)" (L7L))
= 86L Tr (EL"ELL”ELE)
= ELL"ELEE’ + ELEE"L"EL

+ELEELEL + ETLLTETLEE
= 3LL7L. (55)
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Using the above results, the partial derivative of the cost function with respect to L is
given by

OLem

S =~ L7 4 (my —mo)" (my —mg)(LL") ' L(LL") ™!

+ LSy (LTL) ' 4 35LLTL (56)

Substituting Equations (50), (51) and (56) in the KKT conditions from Eq. (47), max-
imizing the cost function is equivalent to solve the following system of equations for 5,
mg, S and k:

af® — N2 — 4HH (@T'@)”HQ —0 (57)
L L Y(my —my) =0 (58)

L 4+ LSy (LL) T 4 3kl L - LY

+(my — mg)" (my — mg)(LLY) 'L(LLY) ! = 0y (59)
p <512H (¢>T¢»)’1H2 ~ Ty (LLTLTL)> —0 (60)
L) - 5 @ ®) | =0 (61)

k>0, (62)

where 0); represents the null matrix in RM*M and a is constant factor given by

a=y'y—2y"®my + Tr (" ®Sy) + m®" &my. (63)

In order to satisfy the KKT constraints (Eq. (61) and Eq. (62)) we have two alternatives,

namely kK = 0 or kK > 0 and HLLTH2 = 4 (<I>T<I>)71H2. In the following, we consider

62

the two cases individually:

(1) k=0
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By substituting « in the KKT conditions, it is easy to see that the parameters
that maximizes the cost function are given by

p=— (64)
mgy =my (65)
LL” = Sy. (66)

(2) k> 0.

Since Eq. (57) is a cubic polynomial equation in 3, we can find the roots using
the general formula [Spiegel and Liu, 1999] as

1 Ao
-~ (_N 20
Bk oy ( + upC + ukC’> , (67)
where
4 1
up =1, Uy = i‘/? us = 73‘/37 (68)
2 2
and
o §/A1+\/—A%—4A8 )
2 )
with
Ay = N?
2
Ay = -2~ 108a%:| (@7@) || (70)

The discriminant for this polynomial equation is given as
—112 1112

A =165 (@) <N3 +27a% (@7 @) ) <0, (71)

which means that there is only one real solution [Spiegel and Liu, 1999]. Since

[ is the precision of the noise €, it must be real valued and positive. Therefore,
the only meaningful solution for  is taking w1, which results in

2
5 i N N 41
(’/NS' + 52| (@7 @) ! rov3 a2Nox| (@7 @) " “ 2702 | (@7 @) ! !
(72)
From Eq. (58), it follows that
mgy —=my. (73)

Substituting the above result in Eq. (59), results in
LL” = Sy + 3sLL'LLTLL”. (74)
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Taking the trace of the above equation we can obtain x as

Using the Woodbury identity” we can rewrite Sy from Eq. (34) as

1 1
Sy =Sy — Sp®” (BE + ¢50¢T> &S,

1
=LLT —LLT®T (;E + <I>LLT<I>T> SLL”. (76)

Substituting the above equation in Eq. (75) we get

-1
Tr <LLT<I>T (%E n <I>LLT<I>T) <I>LLT>

K =

3Tt ((LLT)3) ’ 7

-1
which is strictly positive, since LLT ®7 (%E + <I>LLT<I>T> ®LL7 is the prod-

uct of positive definite matrices.

Both solutions satisfy the KKT conditions, nevertheless, the solution for k > 0 enforces
that the norm of the estimated covariance to attain the norm of the CRLB and bounds
the value of .

7 See Eq. (99) in Appendix D.1
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In Algorithm 1, the computation of the parameters of the prior distribution of the weights
and the precision of the noise using the EM algorithm is summarized.

Data: ® € RVXE y e RVNXL ¢ ¢ R>g: tolerance

1 TInitialize méold), Llotd) _ Cholesky (Séold))’ ﬂ(old)) N(ozd)7 rlold) . ﬁem(ﬁ(ozd)) m[()old)’ L(ozdz)7 H(old)) :
2 Set Convergence := False;
3 while Convergence is False do
4 Compute new parameters
T\ 1 -1
Sy = ((L(old)L(old) ) n B(nld)(PT(I)) (78)
(old) ¢ (old)T D) (old) £ T
my =Sy ( (LC'YL my” Y + gl ety (79)
a=y'y -2y ®my + Tr (<I>T<I>SN) + m%@TQmN (80)
m[()new) = mpy (81)
ner id d T\ ?
L{"*") .= Cholesky <sN + g0l (L<° )y, (etd) ) > (82)
(new) 1 N?+1
B =3, N+
2 2 1
f/N3 +54a2nle) || (@72) 7 |* + 6\/3\/(121\/3,@(0“1) |(@7®) " + 27tk || (27 @)~
(83)
Tr (L(old)L(old)T _ SN)
r(ew) = 5 (84)
87Tr ((LLT)?)
rnew) . £€m(5(new)’ mgnew),sgnew)’ K(new)) (85)
if |£) _ £(ew)| < ¢ then
5 ‘ Set Convergence := True;
6 else
7 Update parameters
plold) . glnew) m(()old) — m[()new) LI . (new) L (o1d) _  (new) lold) . p(new)
(86)
8 end
9 end
10 return
T
mo = ménew) Sy = Lrew)y,(new) g = glrew) (87)

Algorithm 1: EM Algorithm for estimating mg, Sp and
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APPENDIX D. USEFUL IDENTITIES

In this appendix, a brief summary of the formulae and identities used in this report is
provided.

D.1. Linear Algebra.

e Transposition. See [Spiegel and Liu, 1999]

(A+B)T =AT + BT (88)
(AB)T =BT AT (89)
A = AT if A is symmetric (90)

Traces. See [Spiegel and Liu, 1999]

Tr(A + B) = Tr(A) + Tr(B) (91)
Tr(ABC) = Tr(BCA) = Tr(CAB) (92)
Tr(a) = a Ya € C (93)
Te(AT) = Te(A) (94)
e Determinant. See [Spiegel and Liu, 1999]
det(AB) = det(A) det(B) (95)
det(A™Y) = detl( A) (96)
det(AT) = det(A) (97)

The Frobenius norm. See [Petersen and Pedersen, 2012, Burden and Faires, 2010]

|A|* = Tr (AAT) (98)

The Woodbury identity. See [Petersen and Pedersen, 2012]

(A+CBCT) '=A'-A"'c(B™ +CTATIC) ' CTA! (99)

D.2. Gaussian Distribution. The probability density function (pdf) of a D-dimensional
multivariate Gaussian distribution [Bishop, 2006] is given by
1 1

N [m,$) = o

ex —lx—mT_lx—m
e { g ms eom ) am)

where x € R” is a random vector, m € R” is the mean vector and S € RP*P is the
covariance matrix.
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Given a conditional distribution for y given x and a marginal distribution for x in the
form

p(y |x)=N(y| Ax+ b,L_l) (101)

p(x) =N (x| m,A"), (102)

the conditional distribution of x given y and the marginal distribution of y are given
by

p(x|y)=N (x| = (ATL(y - b) + Am),X) (103)
p(y) =N (y | Am+b,L™' + AAT'AT) (104)

where
= (A+ATLA) . (105)

For a detailed derivation of this result, see [Bishop, 2006, pp. 90-93].
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